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Abstract 



N. V. Efimov Efi64] proved that there is no complete, smooth surface in R 3 with uniformly 
negative curvature. We extend this to isometric immersions in a 3-manifold with pinched curvature: 
if M 3 has sectional curvature between two constants K2 and K3, then there exists K\ < min(i^2,0) 
such that M contains no smooth, complete immersed surface with curvature below K%. Optimal 
values of K\ are determined. This results rests on a phenomenon of propagations for degenerations 
of solutions of hyperbolic Monge- Ampere equations. 

Resume 



N. V. Efimov [Efi64| a montre qu'il n'existe pas de surface complete a courbure uniformement 



negative dans R . On etend ce resultat aux immersions isometriques dans les 3-varietes a courbure 
pincee: si M 3 a sa courbure sectionnelle comprise entre deux constantes K 2 et K3, alors il existe une 
constante K\ < min(A'2,0) telle que M ne contient pas de surface immergee complete et reguliere 
a courbure inferieure a K\. Des valeurs optimales de K\ sont determinees. Ce resultat repose sur 
un phenomene de propagation pour les degenerescences de solutions d'equations de Monge- Ampere 
hyperboliques. 
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Hubert [ HilOl proved that there is no smooth isometric immersion of the hyperbolic plane H 2 into 
the Euclidean 3-space R 3 . This was extended by Efimov, who replaced H 2 by any complete surface with 
uniformly negative curvature: 



Theorem 0.1 (N. V. Efimov [Efi64|). Let(E,a) be a smooth, complete Riemannian surface with cur- 
vature K < — 1. Then (S,(t) has no C l isometric immersion into R 3 . 

This result was proved using some subtle geometric constructions, strongly based on the Euclidean 
structure of the target space. More details can be found in [Efi68a], [Klo72] or in [ BS92 Roz92|, and 



some extensions and related results in [Efi68b, Efi62, Efi66 



It seems rather natural to try to extend Hilbert's result further by replacing also R 3 by a Riemannian 
manifold. This was started in [ 3ch99[ , where the target space can be a Riemannian or Lorentzian 3- 
dimcnsional space-form. The present paper treats the case where it is a Riemannian manifold with 
pinched curvature. 

Theorem 0.2. Let [M, \i) be a complete Riemannian 3-manifold, with sectional curvature Km between 
two constants K2 < if 3. Let (£, <r) be a complete Riemannian surface, with curvature Ks < K\, with 
Ki < 0, K x < K 2 < K 3 , and: 



• either K3 > and 



(K 3 -K 2 ) 2 < 161^1(^2- if ; 
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or K3 < and 



(K 3 - K 2 f < 16(K 3 - K Y )(K 2 - K x ) 



Finally, suppose that ||V(AT 
from (£,c) into (M,fj,) 



S 1/2 ) 



idWVK 



M\\ are 



bounded. Then there exists no C 3 isometric immersion 



The meaning of "||V-KAf|| bounded" demands some precisions. Let m £ M, let P be a 2-plane in 
T m M, and let c : [0, 1] — > M be a smooth curve with c(0) = m. For i € [0, 1], call Pt the parallel transport 
of P at c(t) along c([0,t]), and let K(t) be the sectional curvature of M on P t . Then our hypothesis is 
that is bounded by some fixed constant. 



The proof of theorem 3.2 rests on two ideas, one of a geometric and the other of an analytical nature. 



The geometric point concerns which objects, induced on a surface by an immersion, are to be consid- 
ered. Of course, one could consider the induced metric - also called the first fundamental form / of the 
immersion - along with its Levi-Civita connection V and the "Weingarten operator" B, which satisfies 
what can be described as a Monge- Ampere equation of hyperbolic type: det(P) is equal to the extrinsic 
curvature of the immersion (which is negative here), while d v P is equal to another term given by the 
Coddazi equation, which is bounded. There are some "dual" objects, however, which are of greater use: 
the third fundamental form M of the surface, and the inverse B of B. The "new" point is that the "right" 
connection to use is not the Levi-Civita connection of M, but rather another connection, called V, which 
is compatible with HI and has bounded torsion. B then satisfies a very simple equation: det(P) is again 
given by the extrinsic curvature, while d v P = 0. When the ambiant space has constant curvature, V is 
indeed the Levi-Civita connection of M. 

The analytical fact which is important in the proof is about propagations of degenerations of sequences 
of solutions of some hyperbolic Monge- Ampere equations. Remember again that isometric immersions of 
surfaces are described analytically as solutions of Monge- Ampere equations. When the extrinsic curvature 
of the immersed surface is positive, the equations are elliptic, and this case is rather well understood 
[ Pog73j pNS844 |CNS87| , |CNS85j |CNS84b| , |Lab89j |Sch96| , |LS99fl . A fundamental point is that solutions 
of those equations have no isolated singularities: rather, if a sequence of solution has a limit which is 
degenerate at a point, then (for some subsequence) the same happens along a geodesic. This phenomenon 
has been studied completely by F. Labourie in ]Lab87| , |Lab89| , [Lab97| (see ]BK96[ for some related 
problems). It is interesting to remark that, for complex Monge- Ampere solutions, the geometric nature 
of the locus of degeneration of sequences of solutions also plays a major role (see e.g. [Nad90|). 

On the other hand, it has been knows since [ Roz62| that surfaces with negative curvature in R 3 can 
have an isolated singularity. Nonetheless, a phenomenon of propagation of degenerations of sequences of 
solutions of hyperbolic Monge- Ampere equations appears when the singularities are supposed to be bad 
enough. Here is an example of such a result. 



Theorem 0.3 ( |Sch99| ). Let D be a disk with a smooth Riemannian metric g with curvature K < — 1 , 
and let (^> n )neN be a sequence of isometric immersions of (D,g) into R 3 . Let xo € D, and let yo € R 3 
be such that, for all n, cf> n (xo) = yo- Suppose that (<p n ) is degenerate at xo, in the sense that there exists 
a geodesic segment 70 with 70 (0) = xq such that: 



Ve > 0,3n e N, 



02U7o(s),7o(s)) 1/2 ds>i 



Then there exists a subsequence (?An)neN °f ( ( t ) n)neTSi and a maximal geodesic segment g going through 
xq such that (ip n ) is degenerate along g : 

Ve > 0, 3N e N, Vn > A, Vx e g, 3y € B^x, e),H n (y) > 1/e . 

Moreover (V'n|fl)neN converges C° towards an isometry from g to a geodesic segment 0/R 3 . 



This kind of propagation is essentially responsible for a crucial point of the proof of theorem 0.2, 
namely that (S, M, V) is "convex" in a precise sense (see the next section). This fact, however, is 
somewhat hidden in the present proof, because a "shortcut" is used to obtain more rapidly this convexity 
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result. The reader is refered to |Sch9S], where a special case (when the ambiant space has constant 



curvature) is proved using an analog of theorem 3.3. The resulting arguments are longer and more 



technical, but perhaps more illuminating than those given here. 

It is not clear whether the hypothesis concerning the gradients of the curvature are really necessary 
here. On the other hand, the inequlities on K\, Ki and K3 are more or less optimal, as is pointed out in 
section 8 using some examples. 



Note that a nice analog of theorem 0.1 has been given by Smyth and Xavier [ 3X87] in higher dimension, 
for hypersurfaces with Ricci curvature conditions in R I1+1 (n > 3). Some related results have also been 
given by Smyth [ 5my92| in S n+1 . The approach they use, however, is very different from the path followed 



here - and it does not seem to work at all for surfaces. It would be most interesting to know whether 



something like the results of [SX87] applies to hypersurfaces in Riemannian manifolds. 



1 How the proof works 

The proof of theorem |0.2| happens almost entirely on £ with its third fundamental form, along with a 
compatible connection V which is defined in section 2. V is the Levi-Civita connection of M when M 
has constant curvature, but in general it has non-zero torsion. Its torsion, however, is bounded. Section 

2 contains the proof of the following lemma, describing the basic geometric properties of V. 



Lemma 1.1. Under the hypothesis of theorem OA, V is compatible with M , and has torsion r bounded 



above by a constant To- Its curvature K is bounded between two positive constant: 

K 5 > K > K 4 > . 

Moreover: 

AK 4 > r 2 . 

We will also use the asymptotic directions of the immersion. More precisely, we can suppose that £ 
is simply connected (otherwise consider its universal cover, which again has an isometric immersion into 
M). Therefore, we can choose two vector fields U and V, parallel to the asymptotic directions of the 
immersion, with unit norm for M. Since U and V are never parallel, we also demand that Z.(U, V) G (0, n). 
Section 2 repeats this definition, and contains the proof of the next lemma, about some key properties of 
U and V. 

Lemma 1.2. There exists a constant t\ > such that the asymptotic vectors U and V satisfy: 

\\VuV\\ < ri sin(Z(£7, V)) , HWE/II < n sin(Z([7, V)) . 

Section 3 contains some technical propositions concerning surfaces with connections having bounded 
torsion. Section 4 is about an amusing technical lemma which states that, if an asymptotic curve is 
"almost closed", then a propagation phenomenon happens. This is used in sections 5 and 6, which 
contain what is maybe the central point of this paper. One must first define the convexity of a (non- 
complete) surface in the following fairly natural way, basically stating that a geodesic segment can not 
touch the boundary at an interior point: 

Definition 1.3. Let (S,dS) be a surface, with a metric g and a compatible connection D. We say that 
S is convex if, when (7n)neN is a sequence of geodesic segments, j n : [0, L] — > £, such that ("f n (t)) 
converges in £ for each t € [0, L], and when there exists to £]0,L[ such that linin^oo j n (to) € <9£, then 
lim n ^oo 7n(i) € <9£ for all t E [0, L\. 

Then: 

Lemma 1.4. £, with IE and V, is convex. 

To reach this goal, we define a specific notion of "concavity" of 9#£, and then prove that "concave" 
points are not possible. The convexity of £ will then follow. First we choose positive real numbers k and 
C and a point x G <9r£. 
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Definition 1.5. A (k, C)-concave map at x is a map <fi : [—d, d] x [0, d] — > E, with d > 0, such that: 

• 0(0, 0) = x, and 4>{\— d, d] x [0, d] \ (0, 0)) C E, <j) being a smooth diffeomorphism on its image outside 
(0,0); 

• for each y G (0, d], the curve <fi([— d, d] x {y}) has geodesic curvature K between k and Ck, with its 
convex side towards x, and \d%K\ < C; 

• at each point of [—d,d] x [0,d] \ (0,0), d\<f) is orthogonal to di<f>, and 1 < ||9i</>||, ||c?20|| < C. 
d is called the diameter of <j) and is written as diam(</>). 

Definition 1.6. Let Xq G <9jE. E is (k, C)-concave at xq if there exists a (fc, C)-concave map (f> at xq. 
E is concave at xq if it is (k, C) -concave for some k > and C > 0. 

The point of this definition is the following result, which is proved in section 5 using a technical lemma 
from section 4: 



Lemma 1.7. Under the hypothesis of theorem OA, <9j£ has no concave point. 

On the other hand, it is proved in section 6 that: 
Lemma 1.8. //£ has no concave point, then it is convex. 



The proof of lemma 1.4 clearly follows from those two lemmas. It is then proved in section 7 that: 



Lemma 1.9. Under the hypothesis of theorem OA, if (Y,,M, V) is convex, then it has bounded area 



A contradiction will follow, because, by the Gauss formula, the ratio of the area elements on S for / 
and for M is equal to the absolute value of the extrinsic curvature of the immersion, which is supposed 



to be bounded away from in theorem 0.2; and the area of (£, I) is infinite because (£, 7) is complete, 



simply connected, and with negative curvature. 

Conventions: in the whole paper, if c : [a, b] — > E is a piecewise smooth curve, and if W £ T c ( a )E, 
we let n(c; W) be the parallel transport of W at c(b) along c. Unless otherwise stated, all curves are 
parametrized at unit speed. 

2 Isometric immersions of surfaces 

This section contains some elementary results concerning the objects induced on a E by an immersion in 
a Riemannian 3-space M. We call I the induced metric, V its Levi-Civita connection, and V M that of 
M. 

We suppose that E is contractible and oriented - otherwise, consider its universal cover. We can 
therefore choose a unit normal vector field N to E, and define a bundle morphism (the "shape operator"): 

B : TE — > TE 

x i ► Vf N . 

It easy to check that B is symmetric. From there follows the definition of the third fundamental form of 
the immersion: 

Vs e E, Vx, y E r s E, M(x, y) = I(Bx, By) . 

If M = R 3 , then M is the pull-back of the canonical metric on S 2 by the Gauss map. 

Let R be the R iemann curvature tensor of M. Then B satisfies the following classical equations (see 
| GHL87| or |Spi75|| , vol. Ill): 



Ms G E, Mx,y G T S E, (d v ' B)(x,y) = -R x , y n , 
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which is known as the Codazzi-Mainardi equation, and the Gauss equation: 

Vs e E, det(S a ) = K e := K(s) - K M {T S E) , 

where K(s) is the curvature of V at s. 

The main point of this section is that the immersion also defines on E a connection which is compatible 
with HI, but in general has torsion. 

Definition 2.1. Let V be the connection defined on E by: 

V x y = B- 1 V x {By) . 

Remember that the torsion of a connection is a 2-form with value in the tangent space, which is 
defined as: 

t(x, y) := W x y - V y x - [x, y] 

The Levi-Civita connection of a metric is defined as the only compatible connection with zero torsion. 
Note that, for Riemannian surfaces, 2-forms can be identified with functions, so we will often here consider 
the torsion r as a vector field on E. This identification will always be made using, as a Riemannian metric, 
the third fundamental form HI. 

The main property of V is given in the following proposition. 

Proposition 2.2. V is compatible with HI. Its torsion is bounded by: 

Vs g E, Vx,y e T S E, ||T(x,y)||, < ||(d v S)(a;,y)||j . 

Proof. Let x,y and z be three vector fields on E. Then: 

x.M(y,z) = x.I(By,Bz) 

= I{V x {By),Bz) + I(By,V z {Bz)) 

= M(B- 1 W x (By),z)+HI(y,B- 1 W x (Bz)) 

= M(V x y,z) + M(y,V x z) , 

so that V is compatible with M. 
From the definition of V: 

t(X,Y) = W X Y- VyX- [X,Y] 

= B- 1 Wx(BY)-B- 1 W Y (BX)-[X,Y] 
= B-\d v B)(X,Y) , 

and this shows that: 

||r||i = M(B~ 1 (d v B)(X, Y), B~ 1 (d v B)(X, Y)) 
= I((d v B)(X,Y),(d v B)(X,Y)) 

= ||(rf v B)(x,y)|| 2 7 , 

and the result follows. □ 

As a consequence, V is the Levi-Civita connection of HI when M has constant curvature. When M 
does not have constant curvature, the previous proposition leads to the following control on the torsion 
ofV: 

Proposition 2.3. 7/(E,J) has curvature K < K\, then, at any point s e E, the torsion o/V is bounded 
by: 

\\t\\m < T ((p(s)) :-- 



Km - K„ 



2 y /(K m -K 1 )(K M -K 1 ) ' 

where K m and Km are the minimum and the maximum of the sectional curvatures of M on tangent 
2-planes at <p{s). 



5 



Proof. Let (ei,e2) be the orthonormal basis of T S I] for / which diagonalizes B, and let kx,k 2 be the 
associated eigenvalues. We need to prove the upper bound above with r replaced by r(e x , e2)/(k x k,2), 
because r is skew-adjoint, and ((l/fci)ei, (1/A;2)e2) is an orthonormal basis of T S T, for M. 

According to the previous proposition and to (^), it is enough to prove that, under our curvature 
assumptions, for any m £ M and for any orthonormal basis (x, y, n) of T rn M: 



\\R(x,y)nh 
K{x,y)-K x 



<T0 , 



where K(x, y) is the sectional curvature of M on the 2-plane generated by x and y. Let R : A 2 M — > A 2 M 
the curvature operator, and /i the metric on A 2 M coming from the metric on M . We need to prove that, 
for any m £ M, if, when v, w £ A 2 „M are orthogonal and have unit norm, i<T m < /i(Rv, v) < Km, then, 
with the same hypothesis on v and w, we have: 



/i(Rv, w) 



n(Rv, v) — K\ 



< T (m) 



Let m £ M, and let P C A^M be a 2-plane. Denote by Q the restriction of R to P followed by the 
orthonormal projection on P, p\,P2 its eigenvectors, and qi, qi its eigenvalues. If v,w £ P are orthogonal 
with unit norm, they can be written as v = cos(9)pi + sin(0)p2 an d w — sin(0)pi — cos(9)p2, so that: 



li(Qv,w) 



(qi - q2)coa(9) sin(6») 



If now a := cos 2 (6'), we find that 



n(Qv, v) - Ki qi cos 2 (6) + q 2 sin 2 (6») - K x 
(qi ~ (?2) 2 a(l - a) 



n{Qv,w) 



fi(Qv,v) - Kx 



This is maximal when: 



((<7i - q2)ot + qi 
Ki - q 2 



2K X -qi-q 2 

(which is in [0, 1] and corresponds to a possible value of cos(0)). Replacing a by this value in (fy) shows 



that: 



fj,(Qv,w) 



H(Qv,v) - K x 



< 



m - 92 1 



2y/( qi - Kx)(q 2 -Kx) 

Since the right side is maximal for {qx, q 2 } = {K m , Km}, we find the upper bound we need for 

fi(Qv,w) 



n(Qv, v) - Kx 



and the result for M(t, t) follows. 



□ 



The previous proposition gives us informations about V. Call Kj the curvature of I and K e the 
extrinsic curvature of the immersion. Then: 

Corollary 2.4. V is a connection compatible with M, its torsion t is bounded (for M), at s £ S, by 
To(<p(s)) (where To comes from Q)), and its curvature is: 

K e ' 



with: 
where: 



< Kx < K < K 5 , 
Kx 



K 5 = lifK 2 >0 , K 5 = 
Kx = 1 if K 3 < , Kx = 



Kx-K 2 

Kx 
Kx-K 3 



if K 2 < 
if K 3 > 



G 



Proof. We only have to prove the second assertion, concerning the curvature. Let dvi and dvg be the 
area elements associated to the metrics / and M on E. By the Gauss formula (|l|): 

dvm — K e dvi . 

Let (ei, e 2 ) be an orthonormal moving frame on (E, /), and let to be its connection 1-form, that is: 

u{x) := I(V x ei,e 2 ) = -/(V x e 2) ei) 

Then: 

Kidvi = fli = —duj . 

But (B~ 1 ei, B~ 1 e 2 ) is an orthonormal moving frame on (E, M), and its connection 1-form ujm is: 

w,(a) = m(\7 x (B- 1 e 1 ,B~ 1 e 2 ) = u(x) . 

Therefore: 

Kdvg = Qm = —cLum = —duj = Kdvi . 

Those equations give the relation we need between K, K e and Kj. 

The inequalities on K are direct consequences of this formula, because: 



K e ~ Ki- K 2 

Now the function: x x/(x — a) has as derivative: x i— > —a/(x — a) 2 , so its increasing for a < and 
decreasing for a > 0; for a = we find the upper bound on K is obtained: 

• if K 2 < 0, when Kj -> ifi, and it is K 1 /(K 1 - if 2 ) ; 

• if ^2 > 0, when Ki — > 00, and it is 1. 

The same argument gives the lower bound for K, with K 2 remplaced by K3. □ 



Lemma 1.1 is a direct consequence of proposition 2.3 and corollary 2.4. 



We will now give two simple results which will be useful in the sequel. First, B := B 1 satisfies on 
(E, M, V) an equation similar to that satisfied by B on (S, /) but even simpler: 

Proposition 2.5. On (E, iff): 

d^B = 

Proof. A direct computation shows that, for s G E and 1,7 £ T S E : 

(d^B)(X,y) = Vx(-BY)- VHBA")-B- 1 ([A',y]) 

= B~ 1 V X (BB~ 1 Y) - B~V Y (BB~ 1 X) - B^lX^} 

= B _1 , 

because V is torsion-free. □ 

We will now describe some properties of B which will be useful later on. Remember that, since 
det(£?) < 0, there exist at each point of E two vectors U, V which have unit norm for M, and such that: 

BU = k.J M U 
BV = -U M V , 

where Jg is the complex structure defined by HI, and: 

k=\det{B)\ 1 ' 2 = (K M -Kx)- 1/2 . 

U and V are a priori defined only up to their orientation, but, since we have supposed that E is con- 
tractible, we can decide that, in the remaining of this paper, U et V will be two globally defined vector 
fields, oriented so that Z(U, V) G]0, ir[. 
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Remark 2.6. The norms of U and V for I are at most \j \J Ki — K\. 
Proof. By definition: 

I(U, U) = M(BU, BU) = M{kJ M U, kJ M U) = k 2 = (K M - K^)~ l < (K 2 - i^)" 1 . 



□ 



The remainder of this section is dedicated to some elementary facts about the asymptotic curves of 
the immersion, as seen on (E,iff, V). Those curves have been well studied on (E, J); for instance, they 
have been used before [Efi64| in [Efi62| to prove that there exists a constant k such that, if a smooth, 
complete Riemannian surface S has uniformly negative curvature, and if the norm of the gradient of this 
curvature is bounded by k, then S has no isometric immersion into R 3 . But we only give here some 
details on the local behavior of asymptotic curves on (S, iff, V). 

In all this paper, denotes the angle between U and V for iff. As above, we suppose that g]0,7r[. 
Note that is close to (or to ir) when the immersion <f> is "degenerate": the mean curvature of <f> is 
cot^XIdetOB)!)- 1 / 2 . 



sin(0) 
sm(6) 



(U.k + M{t,J m U))J m U 



(V. K + M(t,J m V))J m V 



Proposition 2.7. At each point o/E; 

V V U = 
VuV = 

with k = ln(fc _1 ) = — ln(fc) 
Proof. From (Q): 

(d?B)[U,V) =0 , 
so, if uiu := M(VuV, JwV) and uj v := M(f v U, J M U): 

Vu(BV) - \7 V (BU) - B{VuV - V V U - sin(0)r) 

so that: 

-Vu{kJ E V) - V v {kJwU) - B(luuJmV) + B(lu v JmU) + sin(0)-Br 
But sm{9)J tt U = V - cos(6)U and sin(0) J M V = cos(6)V - U, and it follows that: 

My cos(0) ' 



(1) 

(2) 







LUVU + UJUV+ -V.K + 



LOU 



sin(0) sin(0) 



JmU- 



-U.K 



LOu COS(0) LJv 



sin(0) sin(0) 



JttV+ s J^lB T = 



Take the scalar product (for M) with U and then with V, and use the symmetry of B with respect to iff 
to obtain the result. □ 

We will use this proposition to show that U and V each behave well along the integral curves of the 
other. This will be used in section 4 to obtain a key technical lemma on asymptotic curves. Note that 



the hypothesis of theorem 0.2 on the gradient of the curvature appears only here. 
Remember that, according to the hypothesis of theorem p.2t 



• There exists c a > such that, for all s € E and all x £ T S E: 

\\x.K a \\ < c a \\x\\ a \K a \ 3 / 2 . 

• There exists Cn > such that, for all m S M and all x £ T m M, for each 2-plane P S G 2 m M: 



|(Vfi^)(P)|<c M ||z|| 
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Then: 



Corollary 2.8. There exists T\ > (depending on K\, K2, A3, c CT , only) such that: 

\\VuV\\ M < n|sin(0)| 
\\VvU\\ m < n\sin{8)\ . 



(3) 
(4) 



Proof. According to the previous proposition: 

sin(0) 



\VuV\\ 



< 



< 



2 

sin(0) 



V.K e 



2K e 
V.K a 



K, 









+ 


K e 





Let x € M, call K* the restriction of to the Grassmannian of 2-planes in T X M . A simple compactness 
argument shows that there exists a constant Cm (which does not depend on M) such that: 

dKl < C M K M , 

where K M is the maximum of the sectional curvatures of M at x. Therefore, isolating in V.K^ a part 
coming from the derivative of from another coming from the rotation of the tangent plane during a 
displacement in the direction of V shows that: 



\VuV\\ M < 



sin(0) 



V.K a 



(V^,y^)(^(T s S)) 



\V\\mC. 



M 



K 



2r 



because the norm of the rotation of 0* T s E during displacements along X is measured by M. But || V|| % = 1 
-1/2 



and = k = K t 

\\VuV\\m < 



so: 
sin(fl) 



fc 2 |y.X ff | + fc 2 |(V ,y^)(^(T s E)) + 



Cm Km 



K e 



2t 



— 1/2 

and, if /cm is the maximal possible value of fc, i.e. /cm = (i^2 — K l : 

sin(6») 



(k M c a + k 3 M c^ + k 2 M C M \K 3 \ + 2r ) 



whence the first result. The same computation with U and V interchanged gives the same bound for 
||WJ7||j. □ 



Lemma 1.2 is no more than a restatement of corollary 2.8. 



3 Connections with bounded torsion 

This section contains some simple technical propositions describing some properties of surfaces with 
metrics and compatible connections with bounded torsion. 

First note that the Gauss-Bonnet theorem remains valid in this setting: if D is a compact, simply 
connected domain in S with smooth boundary, then the integral of the geodesic curvature (for V) of dD 
is equal to 2tt minus the integral of the curvature K of V over D. 

This is proved as follows. Let (A, Y) be an orthogonal moving frame on D \ {p}, where p is a point in 
D, with A tangent to dD and to the "circles" dB(p, e) for e small enough. Let u> the connection 1-form 
of (A, Y), and f2 its curvature 2-form. By definition of K: 

n = kdv , 

where dv is the area form of M; moreover: 

= — dio , 
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Q = — I uj — lim 
i J 

Therefore, if K is the geodesic curvature of dD 



D JdM JdB(p,e) 



Kdv = — I nds + 2ir . 

JdD 

This theorem of course remains true if dD is only piecewise smooth, with the adequate contributions 
from the singular points. 

We now describe some properties of geodesies which ressemble those for Jacobi fields along geodesies 
when the connection has no torsion. But the torsion comes into the equations so that the usual equalities 
are replaced by inequalities. 

Let (g s )s€[o,i] be a family of V-geodesic, g s : [0, L] — > S, parametrized at unit speed. For each s € [0, 1] 

and each t S [0, L], we let g' := dg s (t)/dt and <?:= dg s (t)/ds. For s = 0, 9 is a kind of Jacobi field along 
go, and we can call x and y the functions from [0, L] to R such that, for s = 0: 

g= xg' + yJ M g' ■ 
We also call r x (t) := M(T,g' s (t)) and r y := M(t, J M g' s (t))- 
Proposition 3.1. x and y are solutions of: 

x' = yr x 
y" = -Ky + (yr y y . 
Proof. By definition of g' and <?, [g , 9] — 0, so that, by definition of the torsion: 

V.g' = X7 g , 9-T(g',g) . 

Taking the scalar product with g' and using the fact that the (g s ) are parametrized at unit speed shows 
that: 

='g .m{g\g') = 2M(V g , g -r(g',9),g') . 

Therefore: 

g'.M(g,g')-M(T(g',g),g')=0 

and we obtain the first equation. 

Coming back to equation (||), we see that: 

V g >f gl 'g - V g /V. 9 ' + V fl /(r( 5 ',5)) 

= R gi .g' + V.V g ,g' + V g ,(T(g',g)) 

= -KyJ M g' + V fl / (yr x g' + yT v J M g') 
= (yr x )'g' + (-Ky + {yT y )')J E g' , 

and the second equations follows (as well as the derivative of the first). □ 

Corollary 3.2. There exists t g > 0, depending on K^K^ and To, such that, if x(0) = y(0) = 0, then, 
for all t G [0,tg\: 

^ < V(t) < 2y'(0)t 
\x(t)\ < T O y'(0)t 2 . 
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Proof. Integrating (||) shows that, for t £ [0,L]: 



y'(t) - j/(0) = / -K(s)y(s)ds + y{t)r v {t) , 



so that: 
Let: 

For t < tf. 



n 



-T y(t) - K 5 f y(s)ds < y'(t) - y'(0) < T y(t) - K A f y(s)ds . 
Jo Jo 



i a := inf{f > | y(t) # [y'(0)t/2,2y'(0)t]} 



y'(Q){l - 2r t - K 5 t 2 ) < y'(t) < y'(0)(l + 2r Q t - K 4 t 2 /4) . 
Thus there exists t g > such that, if ti < t g , then: 

— ^— < y(t) < 2y (0)i , 

which contradicts the definition of t\. So t\ > t g , and equation (||) follows. (||) is a direct consequence 
using (||). □ 

Corollary 3.3. If x € £ and v £ T X T, zs a vector of norm at most t g at which the exponential at x for 
V, expj, is defined, then expj is a local diffeomorphism at v. 

Proof. Let: 

xf :=n(expj([0,l]i;),v) . 

Equation (Q) shows that: 

M((d v expt)(J a v), J M v') ^0 , 

while it is easy to check that: 

(d„expj)(w) = v' , 

because this corresponds to a change in the parametrization of the geodesic starting at x in the direction 
of v. □ 

Corollary 3.4. Let Q C £ be an open subset with locally convex boundary, Q C £. For any G 
™£/i d$[(x, y) < i/iere exists a unique V ' -geodesic of length dg(x, y) between x and y. 

Proof. Let O' be the inverse image of O by the restriction of exp J to the ball of radius t g . By the previous 
corollary and the local convexity of fl, the restriction of expj is a diffeomorphism onto its image. □ 



Here is another elementary corollary of proposition 3.1. 
Corollary 3.5. For all e > 0, there exists a > such that , if L < a and y'(0) = x(0) = 0, then: 

Vt£[0,L],\y(t)-y(0)\<e 

x(L)-y(0) [ T y (s)ds 



< eL 

Proof. (||) is a simple consequence of (@), and (||) then follows from M). □ 
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We can now consider a family of geodesic rays starting from a given point, and describe how they 
behave relative to one another. Let {9d)ee[o,e ] be a family of maximal rays, with gg : [0, Lg) — > S, 
L eH* + U {oo}, and with g e (0) = g (0) and z(g' o (0),g' e {0)) = 9 for each 9 G [O,0 O ]. 

For s € [0, Lo), let n s be the maximal geodesic ray with n s (0) = go(s) and n' s (0) = JMg'o(s). Choose 
si > and 9\ > 0, and suppose that there is no 9, t , s, it with s < Si and 9 < 9i such that: 



lim gg(t) = lim n s (u) G 3fE . 

t — >to U — 'Uq 



Then: 



Proposition 3.6. There exists a constant S > and, for each e > small enough and each s\ > 0, 
there exists Q(e,Si) > (both also depending on r , K4, K 5 ) such that, if s < s\ and 9 < 0(e, Sx), then: 

1. gg intersects n s at a point n s (ug(s)) (with gg D n s ([0,ug(s))) = $); 

2. the restriction of \ug\ to [0, s] remains bounded by e; 

3. if s > S, there exists s' G [0, s] such that ug(s') = —e9. 

Proof. Let um be a small real number; we will see later how small um has to be. For 9 G [0,#i], let: 

ag(s) := Z(-J M n' s (ug(s)),g' e ) . 

Then define: 

s e := sup{s G R+ I V.s' G [0, s], \u e (s')\ < u M and \otg(s')\ < u M } ■ 

For s G [0,se], apply the Gauss-Bonnet theorem to an infinitesimal strip bounded by go([s,s + ds]), 
n s ([0,ug(s)}), n s +ds([0,ug(s + ds)}) and gg. This shows that: 



a'g(s) = 



K{n s {t)) 



dt 



so that: 



a'g(s) = -k(s)ug(s) 



where k(s) G [K4 — e, K§ + e] if um is small enough (this last step uses corollary 3.5 applied to the family 

(»«))• r-. 

Again by corollary 3.5, it is not hard to check that, again for um small enough: 

d 



ds 



n s (ug(s)) + J M n' s (ug(s)) 



< 



Thus, with (|): 

/ e\ f us( - s) 
(l - -J sina e (s) + (l-e) y T(-J w n' s (t))dt < u' e (s) < 



< (l + -)sina e (s) + (l + e 



)/ 
^0 



i' s (t))dt 



This can be written, for um small enough, as: 

u'g(s) = X(s)ag(s) + T(s)ug(s) , 

with: 



Let: 



|A(*)-l|<e, \t(s)\ <r (l + e) 
X(s) :- 



Ug(s) 
ag(s) 
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Then: 

X'(s) = m(s)X{s) , 

with: 

•»<■> - ( :g, V ) ^ 

Thus, by integration: 

X(s) = exp(sM(s))X(0) , 

where: 

«<•> - ( - r i«i, f ) ^ 

with: 

|T(s)| < (1 + e)r , |A(s) - 1| < e, Jf 4 - c < < K 5 + e . 

The eigenvalues of M(s) are the roots of: 

X(X - T(s)) + A(s)K(s) = . 

If e is so small that 4(^4 — e)(l — e) > (1 + e) 2 To, those roots can be written as a ± where: 

T(s) < (l + e)r v /4(^ 4 -6)(l- £ )-(l + e )Vg 

I I 2 - 2 2 

Therefore, in a well chosen frame, the orbits of X(s) are "spirals" around 0, with an angular speed 
which is bounded from below. This already proves, with the upper bound on a, that, if 9 is smaller than 
some 0(e, s), then sg > s, so that u M is not reached and the computations above hold on all of [0, s]. 
This proves point (2). 

Moreover, the trajectories (X(s')) s > e ^ s ] can not remain in a half-plane, so that ug has to become 
negative after a time which is bounded in term of (3 (which itself is bounded from below). This leads to 
point (3) of the proposition. □ 

Finally, the same kind of argument will show the following similar proposition, which deals with 
convex curves instead of geodesies. The proof is similar to the one we have just finished, so it is described 
somewhat faster. 

Proposition 3.7. Let S be a convex domain in S, with boundary dS containing as connected components 
two complete curves 7 and 7. Suppose that K 4 > Tq/4. Then (^(7,7) > 0. 

Proof. If 7 or 7 is compact, the result is obvious, so we suppose here that neither 7 nor 7 is compact. 
The proof is by contradiction, so we suppose that dw(j, 7) = 0. 

First note that a rather direct smoothing argument shows that, for any e r > 0, there are smooth 
curves 7 r , 7 r : R — > S such that: 

• (dS \ (7 U 7)) U (-f r U j r ) bounds a connected closed set S r which contains S; 

• for each s <G R, the curvatures n(t) and k(t) of 7 r at "f r {t) and of 7 r at "f r {t) respectively are 
bounded by: 

n(t) > -ed M {~fr(t),7r) , > -ed M (j r (t), j r ) , 

where both curvatures are with respect to the normal oriented towards the interior of S"; 

• liminft^oo d#(7 r (t), >) = 0. 
For s e R, let: 

d(s) = djr(7 r (s),7 r ) . 

Thus d is not bounded away from near +00. 
Choose e > 0. There exists so S R with 

d(s ) < e, d'(so) < e . 
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If e is small enough, it is not difficult to show, using 3.4, that there exists a V-geodesic n So connecting 
Jr(so) to 7 r , of length at most 2e, orthogonal to j r . For s > sq, let n s be the maximal V-geodesic starting 
at 7r(s) with speed equal to the parallel transport of n' s (0) at 7r (s) along j r . 

Let r(s) be the distance along n s between "f r (s) and the first intersection of n(s) with 7 r , /3(s) the 
angle between — J%n/J0) and_7^.(s), a the angle between — Jjn^(r(s)) and 7^.. By construction, a(so) = 0, 



while, by corollary 3.5 and (ra), /3(sq) is small. Let ujf be again a small real number, for which precisions 



will come later. Define: 

s M ■= sup{s > s I Vs' S [s ,s], \u(s')\ < um and |a(s')| < u M and |/3(s')| < um} ■ 

The definition of (3 and the "almost" convexity of 7 r show that /3'(s) > — 2eu(s), while the same application 
of the Gauss-Bonnet theorem as the one leading to (0) shows again that a'(s) = —k(s)u(s), but with only 
ib(s) > — 2e, while the upper bound is lost because 7 r is only "almost convex" instead of geodesic. 
Moreover, the same argument as the one leading to (|^) shows that: 

u'(s) = X(s)(a(s) - /3(s)) + t(s)u{s) , 

again with: 

|A(s)-l| <e, \t(s)\ <r (l + e) . 



The rest of the proof can now be done just as in the proof of proposition 3.6, with otg replaced by 
a — P, to obtain that there exists S > (depending on K± and To) such that: 

• either there exists s G [so, sq + S] such that u(s) = 0, and this proves the proposition; 

• or sm < sq + S, and in this case the upper bound on the norm of X shows that, if e has been chosen 
small enough, then either a(s) = —Um or (3(s) — um- 

But then, again for e small enough, it is not difficult to show that there exists S' > such that there 
exists s 6 (sm , sm + S') such that u(s) — 0, so that the proposition holds also in that case. □ 



4 Asymptotic curves 

This section contains the proof of lemma |4.3|, a technical statement which will have a central role later 



on. This lemma, along with its proof, is similar to a lemma from [Sch99|, but more detailed estimates 
are necessary here. First, we introduce a simple notation. It is written for an integral curve of U, but 
the analog for an integral curve of V should be obvious. 

Definition 4.1. Let 7 : [0, L] — > E be an integral curve of U or V . Then: 

S 1 := 7T + inf 0( 7 (t)) - sup 6Mt)) , 
*e[o,£] te[o,L] 

and: 

rL 

sin(6»(7(s)))ds . 

Thus S-y € (0, 7r); heuristically, because of (||) and (|4|), 5 1 is small when 7 has a segment which looks 
like a closed loop. The following definition is very natural: 

Definition 4.2. Let e > 0. A curve c : [0, L] — * E is an e- quasi- geodesic if, for each s G [0, L], the 
absolute value of the angle between c'(s) and n(ciro iS i; c'(0)) is a£ most e. 

Lemma 4.3. There exists Tq > 0, Co > cmc? eo > as follows. Let g be an integral curve ofU of length 
L g < To, with e := max(5 ff , a g ) < €q. Let h u : [—To, To] — + E be the integral curve ofV with h u (0) = g(u). 
Then, for any u £ [0, L g ], h u is a Coe-quasi-geodesic. 
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g(s) 

Figure 4.1 



More could actually be said: the curve g "propagates" along the flow of V, that is, under this flow V, 
the integral curves of U corresponding (in some natural sense) to g still have very small values of 5 and 
of a. This should be clear from the proof, although we do not elaborate on it since it is not used later 
on. 

The proof of this lemma rests on the following: 

Proposition 4.4. There exists Lm > and continuous functions <p, $ : [0, Lm] x [0, Lm] — > R + such 
that, for all L 6 [0, Lm], <P(0,L) — 0, and $(0, L) = $(£,0) = 0, with the following properties. If 
g : [0, Lq] — ► £ and g : [0, L{\ — > S are integral curves of U , if h : [0, L' ] — > S and h : [0, L'-j] — > S are 
integral curves ofV, with g(0) = h(0), g(Lo) = h(0), g(0) = h(L' ) andg(Li) = and if Lq < Lm 

and Lq < Lm, then L\ < (f>(Lo,L ), L\ < ^>{Lq,Lq), and the area of the domain bounded by g,g,h and 
h is at most &(Lo, L' ). 

Proof. Let u £ [0, Lq] and v € [0, L' ]. We can suppose that the integral curve of V starting at g(u) meets 
the integral curve of U starting from h(v); otherwise, the proposition would fail slightly before the first 
value of u such that the intersection does not exist, because then the length of both ~g and h would go to 
infinity. We call g v (u) the intersection of the integral curve of V starting at g(u) with the integral curve 
of U starting from h(v); this intersection has to be unique because S is simply connected and U and V 
are transverse. 



Let d u = d/du, d, 



V 



d/dv. Then: 



d v g v (u) 



a(u, v)V , d u g v {u) = (3(u, v)U . 



By definition of r: 



VavWU) - VpuiaV) - [aV 7 [3U] - r(aV,f3U) , 



so: 



(d v p)U + afiVvU - {d u a)V - af3V v V = -a/3shx(6)T . 
Take the scalar product (for M) of this equation with JmU to obtain that: 



sin(9)d u a + a[3{(V v U, J M U) E - (VuV, J m U)m) 



af3sin(6)(T, JmU} m , 



which shows, along with lemmas 1.1 and 1.2, that: 



\d u a\ < {t + 2T 1 )\af3\ . 



15 



The same proof can be used to show also that: 

\d v (3\ < (r + 2r 1 )|a/3| . 

In other terms: 

\U.a\ < {t + 2n)a , \V.0\ < (r + 2 n )/3 

Moreover, a(0, y) = 1 and j3(u, 0) = 1. 
Integrate (||) over g v to obtain that: 



a(u,v) < exp((r + 2T\)L(g v )) 



Using (0) again leads to: 



dv 



L{g v ) 



d 

dv 



j3(u, v)du 



< 



d v /3du 



(to + 2ti)cc(u, v)j3(u, v)du 



< (TQ+2T!) 



sup a(u, v) 
v ue[o,i D ] 




(3(u, v)du , 



so: 



dv 



L{g v ) < (t + 2ti) exp((r + 2n)L(g v ))L(g v ) 



Now integrate this equation to obtain the required upper bound on L\) the upper bound on L[ is obtained 
in the same way, exchanging u and v. Finally, the upper bound on the area comes from the upper bounds 
on L(g v ) and on sup u6 r £ ] a(u, v) which we have found. □ 

Corollary 4.5. Let x, y, z G £ be such that there exists an integral curve of U (or of —U ) of length at 
most Lm going from x to y, and an integral curve of V (or of —V) of length at most Lm going from x 
to z. Then the integral curve of U through z meets the integral curve ofV through y. 

Proof. The intersections between those integral curves remain at bounded distance as long as the lengths 
of the integral curves of U and V going from x to y and to z remain below Lm, and the integral curves 
of U and of V do not meet because (£,/) is complete (cf. section 2). □ 



Proof of lemma l^.l . Choose u G [0, L g ] and t G [— 2To, 2Tb]. From corollary 4.5, if To and L g are below 
a fixed constant, then the integral curve of U starting at h (t) meets the integral curve of V starting at 
g(u). Let gt(u) be their intersection, and A(u, t) be the area of the domain in £ bounded by g, g\o,t](L g ), 
9ti <?[o,t](0)- By proposition 4.4, there exists some T\ > such that, if L g < T\ and 2T < T\, then, for 
all u e [0,L g ]: 



dg t (u) 



du 



< 2 



dg t (u) 



dt 



< 2 



5 g . Then 
For 



By dehnition of 8 g , there exists Uo,U\ G [0, L g ] such that 0(g(uo)) — 9(g(ui)) > n 
0(g(uo)) > 7r — S g and 6(g(ui)) < 5 g . To simplify the notations a little, we suppose that u < Ui 
each t G [-2T ,2T ], let: 

9 t := max(7r- 0(g t (u o )),0(g t (u 1 ))) . 

We now suppose that t G [— 2T , 2T ] is such that, for all s G [0, t], 6 S < 2C\e and a 9s < 2Cie, for some 
constant C\ on which more details will be given later. We will show that, if To is small enough, then this 
implies that 9 t < C\t and a gt < Cie, so that the same bounds apply for all t G [— 2Tb, 2Tb]. 

Let Ct be the closed curve go([uo,ui}) U <?[o,t](i*i) ^ gt([uo,ui\) U g\o,t] ( u o)- Let W be the vector field 
on Ct equal to V over go([uo,ui\) U gt([uo,Ui]) and to U over g[o,t](ui) U g\o,t]( u o)- According to the 
Gauss-Bonnet theorem, the total rotation of W on Ct (i.e. the integral of (VW, JW) plus the terms 
corresponding to the vertices) is —K t , where K t is the integral of K on the interior of Ct- But : 



1G 



The terms corresponding to go([uo, ui]) and to gt{[uo,Ui]) are bounded because of 



9o([«o,«i]) 



||VirV|| < / n sin 9{g (u))du < na go < 2 Tl C\e 



\\VuV\\ < Tia gt < 2riCie 



'St([«o,«i]) 

the terms corresponding to (?[o,t]('Ui) and <7[o,t](uo) ar e bounded because of 

dg s (u Q ) 

in i < ■ ii - / <j. 

'ff[o,t] («o) 



/ IIWC/II < / n 

■'fl[o,t](«o) ■'0 



0S 



sin^(g s (u ))ds 



< / 2r 1 9 s ds 
Jo 

< 4riCiei . 



i^t is bounded by: 



K t < K 5 
< K 5 



t fUl 



S—0 J U—Uq 
t pU\ 



dg s {u) 



ds 



dg s (u) 



du 



sin 9{g s (u))duds 



4 sin 9 (g s (u)) duds 



S — J U—UQ 
t 



< 4K b / a ga ds , 



so that: 



K t < 8K 5 C\et . 



Therefore: 



|%oM) - e(g (ui)) + 6(g t (ui)) - 0{g t (u o ))\ < 4r 1 C 1 e + Sndet + 8K 5 det . 



Thus: 



|(vr - 9{g t (u ))) + 9(g t ( Ul ))\ < |(tt - 0{g o (u o ))) + %oM)| + 4r 1 C 1 e(l + 2t) + 8K 5 det 



so that: 

|(tt - 6{gt(u Q ))) + 9{g t {u 1 ))\ <S g + 4nCie(l + 2t) + 8K 5 det . 
This already shows that, if To is such that: 

1 + 4r 1 C 1 (l + 2T ) + 8^ 5 CiT < C x , 

then 9t < Cie. It remains to show that a gt < C\t. 
Equation (^) shows that: 

\Z(U{g t (uo)),U(g l0it] (uo);U(g Q (uo))))\ < n sm9(g s (u ))d 

J fl[o,*l(«o) 

< 2t! / 6» s ds 







< 2-riCiet , 

and, since 9t < C\t and #o < e: 

|Z(F( 9t ( Uo )),n( 5[ o, t] K);F(ffoK))))| < 2r 1 C 1 e< + (C x + l)e 
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On the other hand, (||) shows that, for all u G [0, L g \: 

\A{V(g t {u))Mgt([uvA)\V{g t (u ))))\<T 1 <j t <2T 1 C 1 E , 
while, for the same reason: 

\Z(V(go(u)),IL(g ([uo,u]);V(9 (uo))))\ < 2r 1 C 1 e . 

Finally, the same argument as in the proof of (||) above shows that the integral of K on the domain 
bounded by go([uo, u]), g[o,t]( u ), gt{[uo, u}) and 3[o,t](uo) is at most &K§C\et. The Gauss-Bonnet theorem, 
applied to this domain, therefore indicates that: 

\Z(V{g t (u)),Il(g l0!t] ( U y, V(g Q (u))))\ < 2r 1 C 1 et + (C\ + l)e + kr x C x e + SK^et , 

so that: 

\Z(V(g t (u)),n(g m (u);V(g (u))))\ < 8<7iet(n + K 5 ) + (d + l)e . 
Moreover, by (0): 

|Z(C/( 9t ( U )),n( 9[0>t] ( U );C/( ff0 W)))| < / HVvtfll 

"'9[o,t] (« ) 

< / 2ti sm9(g s (u))ds , 
Jo 

so that: 



|Z([/( 54 ( W )),n( 3[0!t] (u);(7( 5 o(w))))|du < 2 f * f 2n sin 6 (g s {u))dsdu 

Jo Jo 

< 4ri / <J Qa ds 



'9s 

< 8ClTl£t . 



But the definition of a gt shows that: 



a gt < / sm9(go(u)) + \Z(U(g t (u)),IL(9[o,t]( u ^ U (9o(u))))\ + 
Jo 

+\Z(V(g t (u)),Il(g [0it] (u);V(go(u))))\du, 

so by (|): 

<J gt < (J go + 16C*iTiei + 2L g (8C 1 t(n + K 5 ) + d + l)e . 

But \t\ < 2T , L g < T and a go < 2C x e, so it is clear that there exists C\ such that, if T is small enough, 

cr gt < de- 
Using <M) once more then proves the lemma. □ 



5 Concave points 



We now turn to the proof of lemma 1.7, which we recall here for the reader's convenience. 

Lemma [l.7| . Under the hypothesis of theorem 0.<, has no concave point. 

When <fi : [— d, d] x [0, d] — > £ is a (fc, C)-concave map, and when d! < d, we call <fid' the restriction of 
cf> to [—d', d'] x [0, d']; it is again a (k, C)-concave map. We also call: 

d R <t> := cf>(d([-d, d] x [0, d])nRx R* ) . 



Lemma 1.7 is a consequence of the following simpler lemma, whose proof will be given below. 
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Lemma 5.1. Let <f> : [— d, d] x [0,d] be a concave map. There exist e € (0, d] and L > such that, for 
any e' < e, there exists a piecewise smooth curve 7 of length at most L, which is an integral curve of U 
or V on each interval where it is smooth, and which goes from a point o/lm(0 e /) to dn4> e . 



Proof of lemma 1.1. Suppose a; is a concave point of dgT,. By definition, there exists a concave map 
4> : [— d, d] x [0, d] — > E at x. 

Therefore, by lemma 5.1, there exists e £ (0,d] such that, for each e' < e, lm(0 e /) can be connected 
to dR(f> e by a piecewise smooth curve 7 of length at most L (for M) , which is an integral curve of U or 
V on each smooth segment. 

By remark 2.6, the length of 7 for / is at most L / \/K2 — K\ , so Im(<fi e >) is at distance at most 
L I \/K2 — Ki from <9r0 £ for /. This contradicts the fact that (S, /) is complete. □ 



Now for the proof of lemma 5.1. The proof is by contradiction, so we suppose that <9j-£ is concave at 
a point Xq, with a (A;, C)-concave map (ft at Xq, and such that there is no sequence of piecewise asymptotic 
curves of bounded lengths starting from <9r</> £ (for some fixed e > 0) and ending arbitrarily close to xq. 
We first state a remark which will be used later on. 

Proposition 5.2. For Co,ko > 0, there exists C\ > (depending on Co,fco,To an d K5) such that, if (p 
is a (fco, Co) -concave map, then the "vertical" curves 4>({x} x (0,c?)) have geodesic curvature bounded by 
Ci. 

Proof. Let X, Y be the vector fields and v,l be the functions on Im((/>) such that: 

di<t> = vX , d 2 <j) = IY . 
Call k := m(V Y X,Y) and k := M(V X X,Y). Then: 

X.k = iff(V x V y I, Y) = iff(VyWI, Y) + m{R% Y X, Y) + m{V [XjY ]X, Y) . 
But [vX, IY] = 0, so that: 



and therefore: 



[*,Y] + *£)y- d ^lx = o 

I V 



x.k = Y.m(WxX, y) + k + ^^m(w x x, y) - ^^m(v Y x, Y) . 



Now, by definition of t: 



so that: 



and therefore: 



V vX (lY) - Viy(vX) - [vX, IY] = t(vX, IY) , 



I v 



dl ^=k + m(r,Y), d «n = - K -M(r,X) 



I 

Using this and (||) shows that: 

X.k = Y.k + K~ k(k + M(t, X)) - k(k + M(t, Y)) . 

Now the definition of a convex map and the bounds on K and r show that: 

\X.k\ <C + K s + C ko(C k + t ) + \k\(\k\ + r ) . 

This means that, if k is large at a point m, then it remains large in a neighborhood of m in the integral 
curve of X through m. Equation ^) shows that I would then vary a lot on this curve, and this would 
contradict the definition of a convex map (because 1 < ||c?20|| ^ Co). □ 
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The next point in t he proof of lemma 5.1 is to prohibit the existence of asymptotic curves with S 
small, using lemma 4.3 and the following result: 

Proposition 5.3. For each C > 0, there exist e(C) > such that, for any e < e(C), if diam(<^) > e and 
if c : [— 4e, 4e] — > S is a Cy(c(Q))- quasi- geodesic, then c meets <9r</> £ . 

Proof. Let c : [0, L) — ► Im(<^) be an e-quasi-geodesic, with either L = oo or L G and lim^c £ d(j). 
Note 14 7 the vector field on lm(0) defined by: 

W. 



Let a(t) be the angle between W and c'(i), and ao(^) the angle between W and the parallel transport at 
c(t) of c'(0) along c([0,t\). 



By proposition 5.2 



llVft^H <Ci||^|| , 
while the definition of a (k, C)-concave map indicates that: 

k < (V W W, JW) < Ck . 

As a consequence: 

fccosa(i) - Ci\ sina(i)| < (V c ,( t )W,JW) < Cfccosa(t) + Ci|sma(i)| , 
so that, by definition of a quasi-geodesic, if eo := Cy(c(0)), then: 
fccosao(f) — C\ \ sinao(t)| — (Ck + Ci)e < 

< a Q (t) < Cfccosa (i) + Ci| sina (t)| + (CA: + Ci)eo . 

We now suppose (without loss of generality) that ao(0) € [0, 7r/2]. Let a± > be the smallest positive 
number such that: 

fccos(ai) — C\ sin(ai) — (Ck + Ci)e > . 

ai exists if eo is small enough (which happens if e is small enough). Equation (|J) indicates that, if 
cto S [an, 7r — ai] at a time t, then it remains there until the time L where c leaves Im(c/>); moreover, cto 
reaches [ot\, it — a{\ before a fixed time to (depending on C, K, etc) and, in the interval [0, to], it remains 
above — coeo, where cq > is a constant depending also on C and k. 
Now it is easy to check that: 

cos a(t) 



C 

sin a(t) 



C 

so that: 

cos a (t) 



< x'(t) < cosa(t) , 

< y'(t) < sma(t) , 



C 

sin cto(t) 



— eo < £ (i) < cosao(t) + eo 

- eo < y'(t) < sma (t) + e 



C 

As a consequence of the lower bounds on cto and on y': 

Vte [0,L], y(t) > i/(0) - (co + l)t eo , 

so that c must intersect 9^c4 e if e is small enough. □ 

The same ideas also lead to the following statement, where we suppose that c'(0) is not too horizontal, 
instead of supposing that y(c(0)) is not too small. The proof is left to the reader. 

Proposition 5.4. There exists Cz > and ez > such that, for any e < ez, if diam(^>) > e and if 
c : [— 4e,4e] — > £ is a ao- quasi- geodesic with Czcto < ^-{p\<t>, c'(O)) < f/2, i/ien c meets dR<j) e . 
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The situation is simpler if c is a geodesic instead of a quasi-geodesic: 



Proposition 5.5. There exist 63,63 > as follows. Let e < £3, and suppose that diam(</>) > e. Let 
g : [a, b] — > Im(02e) &e a maximal geodesic segment in Im(02e), iwi/l a < < 6 and g(0) £ Im(<^ £ ). Then 
either g(a) or g(b) is on du<p2e, and L(g) G [e/C3,C3e]. If g'(0) is parallel to d\4>, then both g(a) and 
g(b) are on d R 4> 2 e- 



Proof. The proof is similar to that of proposition 5.3; we call ao(t) 
e* (0) G [0,tt/2]. Then: 



/L(W,g'(t)), and we suppose that 
fccosao(t) — C\\ sino:o(t)| < ot' Q {t) < Ckcosao(t) + C\\ sina (^)| ■ 



It is the clear that ao will soon become positive; moreover, if we let x(t) := x(g(t)) and y(t) := y(g(t)), 
then: 

cos ao(t) 



C 

sin ao(t) 
C 



< x'{t) < cosa (^) 
<y'(t) < sin a Q (t) 



The second equation indicates that y(t) remains positive while g(t) € Im(</> £ ), and both equations taken 
together again show that g intersects <9r</> £ after time at most C' 3 e for some C' 3 > 0. 

The same equations apply for the segment of g where t < 0; after a bounded time, either g will have 
intersected d(j)2e \ dn4>2e, or y' will vanish. The same argument as above then shows that, in both cases, 
t 1— > g(—t) will meet dc/>2e after a time at most C' 3 ' e for some C 3 > 0. This proves the upper bound on 
the length of g. The corresponding lower bound comes from the distance between Im(<^ e ) and the part 
of du4>2e that g can intersect for t > 0. 

Finally, the case where <?'(0) is parallel to di<fi is obtained by applying twice the argument for t > 0, 
which can be used in this case also for t < because — g'{0) is also directed towards the increasing values 
of y. □ 

From now on, we consider an integral curve g : I — ► E of U, where / is an interval, either of the form 
[0,£m] or R + . e is a fixed positive number, on which more details are given below. 

Definition 5.6. Let t G /; call 74 the maximal geodesic segment directed by V(g{t)). Call E g the subset 
of I containing all t such that jt intersects dn<p e on both sides at finite distance. For t € E g , call fl t the 
connected component o/lm(0 e ) \ j t which does not contain xq in its boundary. 

Proposition 5.7. If t £ E g and g'(t) is towards the interior of fit, then, for all t' G / with t! > t, 
t' E E g , and Sl t , C fi t - 

Proof. Note that, if e is small enough, th en, for any t 1 E E, if t" > t' is close enough to t' , then "ft'^Jt" = 0- 
This comes from (||) and from corollary 3^. This immediately implies that (J7 t ) is a decreasing family of 
subsets of Im(</> £ ). □ 




Figure 5.1 

This is now used to prove that there exists an asymptotic curve going from xq to <9r<; 
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Proposition 5.8. If e is small enough, there exists an integral curve g : R+ — > Im(</> e ) of U (orofV) 
such that g(fi) £ 9r0 £ and that lim^oo g(t) = Xq. 

Proof. Fix e' > 0. For z £ (0, e'), let c z be the maximal integral curve of V in Im((f> e i) containing 0(0, z). 
We consider two cases. 

1. There exists e > and a sequence z n — ► such that, for each n, c Zn has one end on 3r0 £ . 

If there exists n such that c Zn 3 Xq, then the proposition is proved. Otherwise, call D n the connected 
component of lm(0 e /) which does not contain xq in its closure. Let D := U n D n . Since the c Zn are integral 
curves of V, they are pairwise disjoint (except when they coincide), so (maybe after taking a subsequence 
of (z n )) (D n ) is an increasing sequence. Since c Zn 9 <p(0,z n ) — > xq, it is then not difficult to prove that 
dD contains an integral curve of V connecting du(j) e i to xq. 

2. For all a > 0, there exists z a > such that, for z < z Q , c z remains in lm(0 a ) and has both ends 
on <9</> Q \ d R (f> a . 

Call m z a point of c z where y is maximal. Let g z : [0,L Z ] — > Im(</> £ /) be the maximal integral curve 
of U (or —U) with fif z (0) = m z and ff'(0) directed towards the increasing values of y. By definition of 
77i z , ^(ff(0)) is parallel to Therefore, by proposition 5.5, the geodesic directed by V(g(0)) meets 

dii4> e ' on both sides. With the notations above, this indicates that £ E g ^, so that, by proposition 5.7, 
E 9z = [0,L Z ]. Thus g z {L z ) £ Or^. 

The proof then proceeds as in case (1.) above, because the (g z ) are disjoint and, after taking a 
sequence (z n ) — > 0, they converge to an integral curve of U connecting dR<j> t > to xq. □ 

Moreover, the rate of decrease of the area of fit is bounded by sin6*(g(i)): 

Proposition 5.9. There exists A4 > such that, if t £ E is such that g(t) £ lm(<fi\ ie ), then: 

9area(f2 t ) 



dt 



> A 4 sin%(t))e , 



and: 

liminf ^V'' 7 > A 4 sin (g(t)) 
t'~>t+ t — t 



Proof. This is again a consequence of corollary ^2 , along with (|3|) , which bounds the rate of variation of 
the direction of V along 7. □ 

For each t £ R+, we let h t : [—To, To] — > S be the integral curve of V with h t (0) — g(t). A direct 
consequence of the previous proposition is that the integral of sin 9 on g is finite, and this will be used 
now to show that many h t are quasi-geodesics. 

Proposition 5.10. If e is small enough, there exists C > such that, for each to > C , there exists t > to 
such that ht intersects dR(f> e . 

Proof. Since the integral of sm9 on g is finite, equation (|^) shows that: 

km Z(V(g(t%n(g m/] ;V(g(t)))) = . 

One can therefore define a parallel vector field on Vq as: 

V (g(t)) := km IL(g m ,y, V(g(t'))) , 

t — *oo 

and, by (§): 

sin%( S ))da^0. 

Tke same works for W because limoo g = xq; set: 

W (g(t)) := lim H(g m , Y ,W(g(tf))) , 
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and then: 



lim Z(W (g(t)),W(g(t)))=0- 



Let ao '■= Z(Wo,Vo): we suppose (without loss of generality) that a £ [0, 7r/2]. The proof will 
proceed differently according to whether a Q = or a Q > 0. 

If ao > 0, remark that, since limoog = xq, an elementary argument (as e.g. in the proof of proposition 
5.3) shows that: 

rt+T 

lim / cos9(g(s))ds = . 

Thus, for any fixed to € R+ and A > 0, there exist R + such that: 

• to < u < v < u + To; 

• 0(g(u)) < A and 9{g{v)) > tt - A; 

• Iu sin6 (9(s))ds < A; 

• l{di<t>,V) > ao/2 at g(u). 
Then: 



< 2A , (J q 



< A . 



According to lemma 4.3, h u is a quasi-geodesic; proposition 5.4 then indicates that, if A and e are small 
enough, h u intersects dn(j> e . 

Consider now the case where ao — 0. By proposition |5.9|, there exists c > so that, for t large enough: 



y(g(t)) > c / smd(g(s))ds . 



But, again: 



lim 

t — »oo 



t+T 



cos8(g(s))ds = , 



and the same argument as in the case ao = leads to the conclusion, but with proposition 5.4 replaced 
by proposition 5^ to shows that h u , which is a quasi-geodesic, actually intersects dR<fr e if e is small 
enough. □ 



The proof of lemma 5.1 obviously follows, because the conclusion of the previous proposition contra- 
dicts the hypothesis, made above, that the conclusion of lemma |5.l| does not hold. 



6 The boundary is convex 



This section contains the proof that S, with M and V, is convex in the sense of definition 1.3 



Lemma 1.8, IfE has no concave point, then it is convex. 



We need to make normal deformations of curves, while controling their curvature. Some of the tools 
needed here will be used again in the next section, to prove that convex surfaces have bounded area. 

From now on, whenever we consider a smooth, convex curve <?, we suppose that it is parametrized in 
such a way that Jwg' is oriented towards the convex side of g. 

Proposition 6.1. Let g : [0, L] — * S be a smooth curve with \\g'\\ = 1. Let I : [0, L] — * R be a smooth 
function. The first order variation of the curvature K of g in a normal deformation of g which is defined 
at g(s) by the vector l(s)Jg'(s) is: 

k= l(K + k{k + r(s'(s)))) + X.X.I - X.(lT(Jg'{s))) . 
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Proof. By linearity, it is enough to prove this proposition when I is positive. Let (<?s) s e[o,i] be a one 
parameter family of curves such that go = 9 arL d that: 

dg s (t)/ds = Ug'(s)/\\g'\\ . 

To simplify somewhat the notations, we call v s the speed of g s , that is: 

dg s (t) 



«.(*) 



dt 



We also call X the unit vector along g' s (t) :— dg s (t)/dt, and Y := JX. Therefore: 

d s (g s (t))=l s Y 

for some function l s (t) such that Iq — I. Moreover, k — K a (t) = M(VxX, Y). 
By definition of the torsion r of V, 

V X Y -V y X-[X,Y]=t , 

while, since (s, t) define a coordinate system on a domain of E: 

[vX, IY] = . 

Set A := ln(Z) and v := ln(w), the previous equation becomes: 

[X, Y] + (X.X)Y - {Y.v)X = . 

Let t x := (t,X) and t y := (t,Y). Then: 

F./t = iff(VrVxX,y) 

= K + JZT(VxVyX -V [x ,y]X,y) 

= a" + ffl(v x (v x r - [x, y] - r) + (XA)Vy x - (y.i/)v x i, y) 

= K + M(\/ x (-kX + (X.X)Y - (Yu)X - t x X - t y Y), Y) + 

+ (X.X)M(\7 X Y - [X, Y] — t,Y) — K (Y.u) 
= K - k 2 + X.X.X - k(Yv) - kt x - X.T Y + {X.Xf - {X.X)t y - k(Ym) 

and, since Y.v = —n — tx by (|5|) and (||): 

Y.k = K + X.X.X + k 2 + kt x - X.ty + {X.Xf - (X.X)t y 

= K + X.X.X + (X.X) 2 + k(k + t x ) - (X.t y )-ty(X.X) , 

so that: 

d s K = 1(Y.k) 

= l(k + K(K + Tx))+X.X.l-X.(lT Y ) , 

which is the formula we need. 

As a consequence, we find an inequality: 
Corollary 6.2. The rate of variation of n is bounded from below by: 

•> L {{ 4K 4 - t 2 ) + T(Jg') 2 ) + I" (Ir(Jg'))' . 

If the curvature of g is bounded from above by km, then k is also bounded from above: 



□ 



-((4# 4 - t 2 ) + T(Jg') 2 ) +1"- (Ir(Jg')) 



+ I ({K 5 - Kt) + K M + K U T + T 2 ) >" 
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Proof. For any k G [0, km], we have: 

km{km + t ) > k(k + T X ) > ■ 
Moreover, r^- + Ty- = |t| 2 < Tq and F^ < K < K 5 , so that: 

2 2 

F 5 + K M {KM +T )>K + K(K + T X )>K i -^- + ^- 1 

and the corollary follows. □ 

This means that trying to deform curves leads to a natural question on solutions of differential 
equations; we will need the following proposition. 

Proposition 6.3. For each e > small enough, there exists Mq > 1 and Si > So > such that, if 
u G C°°(R, [-1/e, 1/e]), there exists s ,si € [So, Si] and y G C°°([0,si], [0,M ]) sucft f/iai: 

y" = (yu)'-(e+ — )y , 

y(s) G [1,M ] /or s € [0, s ] , 
y(0) = 1, y'(0)=u(0)+4 , 

y(s ) = l, y'Oo) < "(so) + 4 , 
y(si) = 0, y'(si)<0. 
Moreover, for each s £ [0,so], |j/'(s)| < Mo- 
Proof. Let z — y' — yu. The relation (Q) becomes: 

?/ = + z 
z' = -(e + u 2 /4)y. 



Let: 



X := ( ^ ] and m:= ( , U 2 i.\ \ 
z J V -(e + u 2 /4) 



The relation now is: 

X'(s) = m(s)X(s) , 

so, for s > 0: 

F( S ) 1 
-(e + F 2 /4) 

with: 



X(s) = exp( s M( s ))X(0) = exp ( s ( ^ , v ~ ; 2 //n n ) ) X(0) , 



F(s) = iy u{r)dr , F(s) = y - J u(r) 2 dr . 
Now the eigenvalues of M(s) are the roots of: 



X(X-F)+^e+^f-j =0. 

From the Cauchy-Schwarz theorem, F(s) 2 > F(s) 2 , so 4e + F 2 — F 2 > 4e > 0, and the eigenvalues are 
(i,± = a ± where: 
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The associated eigenvectors are v± = (1, —a ± i/3). 

Suppose now that X(0) = (1,4). Then y'(0) > 0, and y(s) remains above 1 until after time sq > 0. 
But (3 > \fi, so it is clear that, after a time S\ < ir/y/e, y(s) will become negative, and this provides an 
upper bound for sq and for sx- 

sq< si < Si := —= 



The decomposition of (1,4) on the basis is 
(1, 4) = a + v + + 
and this gives an upper bound for a±: 



1 a + 4 

2 ~ Z_ 2^~ 



, 1 .cv + 4 



4/3 2 



4e V e 



Moreover, /3 also has an upper bound because |u| < 1/e, and this gives a lower bound Sq for Sq. 

Using the upper bound on sq (equation (|^)) and on a (\a\ < l/2e), we see that, for any s £ [0,to] 

y(s) < \x(s)\ 

< (\a + \ + |a_|)exp(s ) 



< 



1 (1 



+ 4 exp(^) 



In addition, y(s) > 0, so that z'(s) < for s £ [0, sq], and it follows that z(sq) < z(Q) = 4. The function 



y therefore verifies the conclusions of proposition 6.3 



□ 



Corollary 6.4. For any km > 0, there exist L\ > 0, C\ > and Mi > 1 as follows. Let K m £ [0,km], 
and let go : [0, L] — > E be a convex curve parametrized at speed one, with curvature k £ [nm,^], and 
with L £ (0, L{\. Then there exists T± > and a deformation (gt)te[o,Ti] such that: 

1. for each t £ [0, T{\, gt is a convex curve with curvature K £ [n m + t/Ci, km + tC\\; 

2. for any t £ [0, Ti] and s £ [0, L], (dtgt)(s) is parallel to the unit normal N to g t , and ((d t gt){s), N) £ 

[i,Mi]; 

3. for each t £ [0, Ti] and s £ [0, L], \dn/dt\ < C\. 



Proof. Let €q := AK^ — Tq, so that eo > by lemma 1.1. By proposition 3.3, if L is small enough, there 
exists a function I : [0, L] — > [1, Mo] such that, on [0, L\. 



l" + 



eo , r{Jg' f 



l-(lr(Jg' )Y = 



so that: 



I" + CO + 



r(Jg'o) 2 



eo epMo 
2 ' 2 



For t small enough and s £ [Q,L], set: 



fft(s) = exp go(s) tN(i 



where N(s) is the unit normal to go at go(s) towards the convex side of the complement. This defines, 
for t small enough, a smooth curve g t . 

Let Ro := (K5 — K4) + k m + Kmtq + t§. Corollary 3.2 shows that, for t = 0: 

. [eo M (e +-Ro) 

K£ — , 

L 2 2 

Then, by compactness, for t small enough, k£ [eo/4, Mo(eo + Ro)], and the corollary follows. □ 
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Corollary 6.5. There exists £2 > 0, C2 > and Li > as follows. Suppose that L G (0,^2]) and let 
g : [0, L] — > E 6e a geodesic segment. Let do := dj(g([0, L]), and suppose that do < £2- Suppose 

moreover that d^(g(0),9fflE) > C2<io dg(g(L), > Cido- Then (E,ZZT, V) /ias a concave 

point. 



Proof. Apply corollary 6.4 recursively to obtain a (fc, C)-concave map : [— d, d] x [0, d] 
4>([—d,d] x {d}) is a segment of g. 



E such that 
□ 



Proof of lemma \l.q . Suppose that (E, M, V) is not convex. Then, by definition 1.3, there exists a 
sequence of geodesic segments j n : [0,L] — > E such that (7„(s))„ 6 n converges in E for each s G [0, L], 
with limn^oo 7„(s') G 9#E for some s' G (0,L) but lim„^ oo 7„(0) G E. Set: 

,s := inf{s G [0,L] | lim 7„(s) G c^E} . 



Remark that there exists e 3 G (0, max(so/3, L 2 /2))such that, for each n G N, B(7 n (s ), 3e3)\7 n ([0, L]) 
has at least two connected components, one of which is a half-disk which does not meet 9^E. Otherwise, 
each ball centered at 7«(so) would meet 9#E on each side of j n for each n G N, and then there could be 
no path joining 7„(0) to 7 n (£) (for n large enough) in E, a contradiction. We suppose that the half-disk 
which does not meet c^E is always on the same side of 7„ as Jj' n (so). 

By definition of So, 7n([0, so — £3]) remains in a compact subset of E, so that there exists £4 > so 
that, for each n G N, dm (7n([0, so — £3]), <9#E) > 2f4. We call: 

ft := {x G E I 3nG N,dj!f(a;,7„([0,so -£3))) < £4} , 

so that d# (ft, <9ffE) > £4. 

Let 6* G (0, 7r). Call s(0) the supremum of all s G [0, So] such that, for any n G N and any i G [0, s], 
the maximal geodesic starting from 7„(s) with Z(7^(s), g'(0)) = 9 — n does not reach 9^E before time 
at least £3. Then, clearly: 

lim sup s(0) = s ■ 

8^0+ 

For s G [so — £3, So] ; s < s(0), and n G N, the geodesic segment g starting from 7 n (s) with 
^(7n( s )) — ^ a l so does not reach <9^E before time at least £3, because it remains in a half-disk 

bounded by j n and of radius 3fi3. Let g n ,e s ■ [—£3, £3] E be the geodesic segment with g n g s (0) = 7 n (s) 

an dz( 7 ;( s ),^ As (o)) = e. 




Figure 6.1 

Now it is easy to check that, if 9 is smaller than some fixed #4, then, for any n G N and any s G [sq — 
£3, s(0)], dw(g n ,e,s(- e 3)> 7n([0, so - £3])) < £4; then g„,e, s (-£3) G ft, so that d*(5 n ,e,«(-e3)) <9jtE) > £ 4- 

On the other hand, one can check that d# (<7 n! g 4 ,s(£3), 7n) is bounded below by some fixed £5 > 
depending only on #4 (and Ks,tq). Since g n ,e 4 ,s([0, £3]) remains in a half-disk bounded by 7„ and of 
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radius 3e3, this shows that dg(ci nt e Aja (ea), c^E) > £5. Finally, by definition of s(^), we can choose n and 
s so that dff(g ni 4lS ([-e 3) e3]),d ff £) < min(e 3 , e 5 )/C 2 - 

We can therefore apply corollary |6.5| to finish the proof. □ 



7 The area is bounded 



In this section, we assume that (E, M, V) is convex (as in definition 1.3) and has curvature K > K& and 
torsion ||f|| < t , with 4if 4 > t§. We will prove lemma [T79| , which states that (E,iff) has bounded area. 
This will be achieved through the following lemmas: 

Lemma 7.1. For any e > 0, there exists a simply connected domain Q C E, fl C E, wif/i locally convex 
boundary, such that dm (<9#fi, aV^E) < e. 



Lemma 7.2. (Q,M) can not be complete. 



Lemma 7.3. can noi Ziaue a non-compact component. 



Lemma 7.4. If 3mQ is a closed curve, then the area of Q is at most 



Lemma 7.4 is an immediate consequence of the Gauss-Bonnet theorem, so that the rest of this section 
contains the proofs of lemmas |7.l| , |7.2] and 7.3. Lemma l.£ follows: by lemma 7.1, any compact subset 
of E should be contained in a domain Q with locally convex boundary, which should have area at most 
2-k/Ki by lemmas U and 



Proof of lemma 7.1. Let £ be the set of open simply connected domains VL C E such that dm Q \ dw E is 
locally convex, and that aV(cV^, dm E) < e. £ is ordered by inclusion. Let Qq be a minimal element of 
£ . We want to prove that Slo C E; we proceed by contradiction, and suppose that there exists a point 
xq e dw^o n dm E. 

Let xi £ be such that d(a;o,a;i) < £o/2 in S7o- Let c : [0, L) — > Slo be a smoot h cu rve of le ngth 
L with c(0) 



xi and lim t ^i c(t) = xq, 



with L < t g , where t g comes from corollaries 



and 3.3. Let 



to be the supremum of all t G [0, L) such that there exists a one-parameter family (gt)t£[o,t] of geodesic 
segments, with g t going from c(0) to c(t). If to < L, then: 

lim d M (gt, d M ty = . 

t— 'to 

If to < L, then, as t — > to, gt would approach either a point of dw&<o \ <9fflE — but this is impossible 
because dm^o \ 3^E is locally convex - or a point of dmVLo H <9^E - and this is impossible by definition 
1.3. Therefore, to = L, and there exists a geodesic segment g :— gh ■ [0,1) — > ^0 with g(Q) — x\ and 
lim t ^i g(t) = x . 

For t G [0,1) and 6 G [—tt,tt], let 7^0 be the maximal geodesic in E with 7t,6>(0) = g(t) and 
Z(g'(t), 7^ e (0)) = 0. So 74,0 is a smooth map from (—a t ,0,b t ,e) to E, with at,e,bt,e £ U {00}. 
Let: 

£J 4 := {0 € [-7r,7r] I a t>e < b t , e }, F t := {6 € [-tt.tt] | o t , e > b t , e } ■ 

For i > 1/2, £ f t , while % £ E t . Moreover, both E t and F t are closed, so there exists 9 t G E t C\ F t , 
which means that a^g, = b t ,e t G R+ U {00}. 

First suppose that there exists a sequence t n — > 2 such that at n ,dt remains bounded. Then there 
exists t such that a t .e t is finite and that the geodesic segments jt,9 t remains within distance at most e/2 
of because (E, -ZZT, V) is convex. fio \ 7t,e t nas a ^ least two connected components, one of which, Q±, 
is in £: it is convex, and its boundary remains within distance at most e of S^E. But this contradicts 
the minimality of f^o, and this finishes the proof in this case. 

Now suppose that at, 9 — > 00. Since E has a convex boundary, for any a > and any e' > 0, there 
exists t close to / such that 7t.g t ([— a, a]) remains within distance e' of 9#E. Call go the restriction of jt,B t 
to R + , and apply proposition 3.6. It shows that, if a is large enough and e' small enough, there exists 
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6 > such that gg (defi ned as in proposition 3J3) remains within distance e of dm S (because it remains 
close to go, point (2) of 3J3) but goes from 7t,e t (0) to dmT, (because of point (3.) of 3.6). 




Figure 7.1 



Then do the same for the geodesic ray g' defined by g' (s) = 7t,e t (— s), to obtain another similar 
geodesic segment g' e , which remains within distance e of <9#£, and goes from 7t,e t (0) to <9j£. 

The rest of the proof can be done as in the case where at t g t remains bounded, because gg U g'g, "cuts" 
a convex domain in f2 whose boundary remains within distance e of c^E, a contradiction. □ 



We now come back to deformations of convex curves, as in the previous section. The following is a 



consequence of proposition 6.3 



Proposition 7.5. For any e > small enough, there exists M[ as follows. Choose N% > 0. For any 
u e C*°°(R, [-1/e, 1/e]), there exists y e C*°([0,s ], [0,M{]) which: 

1. is piecewise C°° ; 

2. vanishes outside [-Ni - M[, N ± + M[]; 

3. is at least 1 in [—Ni, N{]; 
4- satisfies (as a distribution): 



y" > (yu)' - (e + —)y ; 



5. is M[-Lipschitz. 



Proof. Let xo :— —N\. First apply proposition |5.3j after translating the origin to — N\ in R, so as to 
obtain x\ G [—N\ + So, —Ni + Si] and a solution y\ : [xq, X\] — > [1, M ] of (||) with: 

yi{xo) = yi{xi) = 1 and y[(xo) = u(x ) + 4, y[(xi) < u{xi) + 4 . 



Apply proposition 6.3 again, now after a translation of the origin to x\\ this provides us with X2 € 
[xi + So, x\ + Si] and with a solution yi : \x\, X2] — > [1, Mo] of (||) with: 

2/2(^1) = 2/2(^2) = 1 and 2/ 2 (xi) = u(a:i) + 4, ^(a^) < ufo) + 4 . 

Repeat this procedure to find a sequence X3 < ■ ■■ < xjy with — Xk € [So, Si] and xjy_i < Afj < x^v, 
and functions yk ■ [xk-i, %k] [Ij-^o] which are solutions of ([5]) with: 

y k {x k -i) = y k {x k ) = 1 and y' k (x k -i) = u(x k -i) + 4, y' k {x k ) < u(x k ) + 4 . 



Apply proposition x3 once more to find x^ + i e [ajjv+So, Xw+Si] and a solution yN+i '■ [%n, %n+i] 
[0, M ] of (g) with: 

2/jV+i(a;jv) = 1 , Vn+i(xn+i) = , (/V+it^Jv) = u(zjv) + 4 , y^v +1 (2:^+1) < . 
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Do the same to find X-% £ [xq — Si,Xq — So] and a solution y_i : [xn, xn+i] [0, Mo] of (|J) with: 
j/_i(af ) = l) = , y'_ 1 (x o )=0, yL^x-i) > . 

Now define y : R — > R + as the function whose restriction to [xu, Xk+i] is yk+i for —1 < k < N, and 
which is zero outside [x_i, xjv+i]- Note that, if M{ := 2Si, then y vanishes outside [— iVi — M{, TVi + M[], 
Moreover, it is clear that y is a (weak) solution of (jSJ) . □ 

The previous proposition provides the tool needed to deform convex curves while increasing their 
curvature. 

Corollary 7.6. There exist c± > as follows. Let K m £ R.+ , and let go : R — > £ fee a smooth, convex 
curve parametrized at speed one, with curvature k > K m as a measure. Let Ni > 0. Then there exists 
T > anc? a deformation {gt)te[o,T\ such that, for each t S [0,T]: 

J. g t is a convex curve with curvature K > K m , and k > K m + tc! along g t ([—Ni, Ni\); 

2. g t = g outside [-N ± - M[,N X + M{]; 

3. for each s£R, either (dtgt)(s) is zero, or its orthogonal is a support direction of gt, and its norm 
is at most M[ . 

Proof. Let ((? n )„£N* be a sequence of smooth curves, g n : R — > E, such that: 

• Vs € R,lim„^ oc 5r n (s) = g (s); 

• for n < m, g n lies entirely on the concave side of g m ; 

• the curvature of g n is at least —a n < 0, where liirin^oo a n = 0. 

The existence of such an approximating sequence is not too difficult to prove. The (<?„) are not 
parametrized at speed one. 

We suppose (without loss of generality) that, for n £ N* and s £ R, Jg' n (s) is towards go- For n £ N* 
and s £ R, let: 

u n (s) := t(J 5 ;(s)) . 



Apply corollary 7.5 to obtain a sequence of piecewise smooth, M{-Lipschitz functions (y n )neN* with: 

Vn > (VnUn)' - 



with y n (s) = when s £ [-N x - M[,N X + M[] and y n (s) £ [1, M[] when s £ [-Ni, Ni]. Since the y n are 
Lipschitz, we can (by taking a subsequence) suppose that they are C°-converging to a Lipschitz function 
l/:R->[0,M{]. 

Let T' S R+ U {oo} be the largest t such that, for each n £ N* and each s £ [— Ni,N-\], 
expf,JtJg' n (s)) is defined. Then V > by compactness. For n <E N* and s £ [0,T'), let: 

V*0) := exp^ (s) (tJ.g;(s)) . 
For n £ N* and t £ [0, T'), /i n) ( is a curve which might not be embedded, but which, for t small enough, 



is immersed. It differs from g n only in [—N± — M[,N\ + M[]. Moreover, corollary 6.2 and a simple 
compactness argument show that there exist N £ N*, T £ (0, T") and c > such that the curvatures 
K n _ t of the curves h rh t satisfy: 

Vn > N,\ft £ [0, T), Vs € R, n n , t (s) > k,„ + ci — e„ , 

where the left-hand side is a measure and e n — > 0. 
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Figure 7.2 

Since the h n> t are curves and differ from g n only in a compact set, they separate E into several 
connected components, two of which are non compact; we call Sl n ,t the non-compact connected component 
of E \ h m . t whose intersection with the concave side of g n is (empty or) compact. Equation (^J) shows 
that the boundary of £l nt t in S is locally convex, with curvature at least K m + ct — e n . 

Finally, for t G [0,T),'set: 

g t :=d(n%L n n>t ) . 

It is not difficult to check that (gt), with an adequate parametrization, satisfies the conclusion of corollary 



7§ □ 

As a consequence, the same kind of deformation can be done not only for small t, but for all t: 

Corollary 7.7. Let Q be a closed subset o/E with locally convex boundary. Suppose that some connected 
component of dQ is a complete, non compact curve, parametrized at speed one by cq : R — * dfl. Choose 
N± > 0. Then there exists a deformation (ct)tgR, such that, for each t g R + : 

1. Ct is a convex curve in £1, with curvature k > K m , and K > n m + tc\ along g t ([—Ni, Ni]); 

2. g t = go outside [-N x - M{,N-l + M{]; 

3. for each s £ R, either (d t g t )(s) is zero, or its orthogonal is a support direction of gt, and its norm 
is at most M[ . 

Proof. The underlying idea is to apply corollary |7.fi| recursively, to obtain the existence of such a deforma- 
tion for t £ [Q, T] for some T > 0. The formal proof, however, has to be done in a slightly different way. 
Suppose that such a deformation can not exist for all t £ R+. Let E be the set of couples (t, (g s ) s e[o,t))i 
where t > and (g s ) S £[o,t) satisfies the conditions demanded, but only until time t. 
There is a natural order on E, with: 

(*, (Ss)se[0,t)) < (*': (Ss)s6[0,t')) 

if t < t' and g s = g' s for s < t. E has a maximal element, say (to, (<?s) s e[o,t ))- F° r u e R, let: 

g° to (u) := lim g° t (u) e E . 

t— no 

Because of the convexity of the (g^) and because has no concave point, gt is a convex curve. Thus 
one can apply corollary 7.6 to gt , and this contradicts the maximality of (to, (<?s)se[Q,t ))' '— ' 

We now consider related questions for deformations of curves which are topologically S 1 , and which 
are not necessarily convex, but have curvature bounded from below. 



31 



Corollary 7.8. There exist c-i > and > 1 as follows. Let n m eR,L6 R1_, and Zet go : R/LZ — > £ 

oe a curve parametrized at speed one, with curvature n > K m f u«t/i t/ie normal oriented towards the non- 
compact side of go). Then there exist Ti > and a deformation (<?t)te[o.T 2 ] suc/i iftai, /or eac/i £ € [0, T2]: 

J. is a curve which bounds a compact set, with curvature k > K m + tc2; 

5. for each s G [0,L], ||(<9 t g t )(s)|| G [1,M£]. 



Proof. It is similar to the proof of corollary 7.E. First choose a sequence of smooth curves g n : R/LZ 
converging to 170, such that g n is in the interior of g m for n < m and that the curvature n n of <?n is at 
least K m — a n , with hin^^oo a n = 0. 
For neN* and s G R/LZ, let: 

Un(s) := T{Jg' n {s)) , 

where we suppose again that Jg ^ is towards the non-compact side of g„ . Let u n be the lift of u n to a 



function on R. Apply proposition 7.5 to u n , to obtain a piecewise smooth, Lipschitz function y n : R — > Af{ 
which vanishes outside [— L — M{, L + M{] and which is at least 1 on [-L, L\. Let y n : R/LZ — * R be 
the function defined by: 

y n (u) :=^2y(s) , 

where only finitely many terms are non-zero by definition of y n . After multiplying it by a constant, y n is 
a Lipschitz, piecewise smooth function from R/LZ to [1, Mq] (for some Mq > 1 which depends on L and 
on M[) which is a solution of (||). 



The rest of the proof can be done quite like in the proof of corollary 7.6, so we leave the details to 



the reader. □ 



Corollary 7.9. Corollary 7.t is true for any T2 > 



Proof. Like the proof of corollary 7.7 from corollary 7.6. □ 



We now have enough results on the deformations of curves, and we turn to another simple property: 
a convex, complete curve which separates a convex subset of S into two parts can not be "too" curved. 

Proposition 7.10. There exists a constant kq(K 4, r ) as follows. LetQ be a closed, locally convex subset 
of £, and let p : R —* f2 be a convex, infective curve, parametrized at speed one, which separates O into 
two connected components, and with curvature: 

K = K\ ~T Krn > 

where n\ > is a constant and K m is a positive measure. Then k\ < kq. 

Proof. First note that, by a direct approximation argument, it is enough to prove the result when p is 



smooth, so we suppose that is the case. Let to G R. By corollary 3.4, there exists e > (depending only 
on K$ and tq), such that expJ^ to j is a diffeomorphism from the subset of the ball of radius e where it is 

defined onto its image. Therefore, for all t G [to, to + e], there exists a unique V-geodesic 74 : [0,L t ] — > ft 
of minimal length between p{to) et p(t). For t G [to, to + e], let 0i(t) be the angle between p'(t ) and 
7f(0), 02(t) the angle between 7 t '(L t ) and p'it), D(t) the domain in SI bounded by p([to,t]) and by 7t, 
and A(t) its area. 

From the Gauss-Bonnet theorem, for each t G [to, to + e]: 



9 2 = / «(ds)+ / Kda 

J to JD(t) 

> Ki(t - t ) + K 4 A(t) . 



But it is easy to check, using equation (||) of corollary |3.2| , that, if Lt remains small enough (so that e 
remains smaller than a constant depending only on K§ and on to), then A(t) is bounded by: 



A(t) < [ L{s)ds < 2 [ (s - t )ds <(t- t ) 2 

J to J to 
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As a consequence of those two equations, if k± is large enough (larger than a constant depending only on 
K$ and on To), there exists t\ G [to, to + e] such that: 

6 1 (t 1 )+6 2 (t 1 ) = 2ir . 

Then there exists t 2 € [io^i] verifying one of the following properties: 

1. either #1(^2) = ?r; 

2. or 6>i(t 2 ) < 7T and 6> 2 (t) = n. 





Figure 7.3 

Recall that p is injective; therefore, using (§ and the upper bound (||) on A(t 2 ), one sees that, if e is 
small enough (smaller than a constant which this time depends on K4 and on To), then: 

• in the first case, that p(] — 00, to]) remains in the domain of Q bounded by p([to,t2\) and by 7t 2 ; 

• in the second case, that p{\t 2 , 00]) remains in the domain of f2 bounded by 7t 2 . 

In both cases, "half" of p remain in a compact domain of f2, and therefore p can not separate Q in 
two parts. □ 

We can show that f2 can not be complete: 



Proof of lemma \l .2^ Choose a smooth, simple closed curve 70 in ft, with its unit normal oriented towards 
the non-compact connected component of Q \ 70 (there exists one because is complete and simply 
connected). Then the geodesic curvature of 70 can be written as: 



with K\ G R + and n m > 0. Apply corollary 7.9, to obtain a continuous family (7*)tgR + of curves with 
curvature bounded below by —K\ + C2t. For t large enough, this contradicts proposition 7.1C. □ 



Finally, we can now prove that dfl can not contain any non-compact curve. 



Proof of lemma \7.,% Suppose that 9^0 contains a non compact curve go- Since O is simply connected, 
proposition ft.7| s hows that go is at non-zero distance from the other connected components of 

Corollary 7.7 thus shows that there exists a continuous deformation {gt)t£[o,T) of go in which goes 
on until time T with either T — 00 or lim t _ > j' dg(g t , dtt \ go) — 0. But proposition 3.7 excludes this 



possibility, so that T — 00. This contradicts proposition 7.10 just as in the proof of lemma 7.2 above. □ 



It is a natural question whether the hypothesis we had to make concerning the relationship between 
To and K4 are really necessary to obtain a bound on t he a rea of (Q,M). This is all the more important 
since the main geometric result of this paper, theorem 3^, is limited precisely by this hypothesis. 
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The following example shows that this relation is in a sense optimal. Note that, for homogeneity 
reasons, any relationship between the curvature and the torsion should relate the curvature to the square 
of the torsion. 

Consider the hyperbolic plane H 2 , with the connection Vt obtained by adding to the Levi-Civita 
connection Vo a 1-form fi t , so that: 

V x Y = V° x Y + fi t (X)JY , 

with fi t = —tv,g, where ug is at each point the unit normal bundle to the geodesic coming from (with 
the usual orientation) and u* 8 is the dual 1-form. 
It is easy to check the following points: 

• the torsion r t of Vt is such that: \\T t \\ = t; 

• for > 1 and r large enough, the complement T r of the ball centered at of radius r is V t -convex, 
with infinite area; 

• the curvature of Vt is: K t — t.th(r) — 1 at distance r from 0. 

The lower bound on K t is therefore K" 1 = t— 1, and the smallest value of t 2 /K™ is obtained for t = 2, 
it is equal to j. So, using the same notations as above, for K4 = Tg/4, there is already a counter-example 
to the results proved above for K4 > Tq/4. 

An interested reader might check that one can built other examples, based on deformations of the 
Levi-Civita connection of a positively curved surface (e.g. an annulus in S 2 with its canonical metric) such 
that convex domains with infinite area, for instance "strips" between two convex curves with constant 
curvature, exist. But the limiting relations between K4 and to are the same as in the hyperbolic-based 
example above. 



8 Some examples and further statements 



This section contains some other, more precise results like theorem 0.2, and also some examples which 



indicate that theorem 0.2 is, in some sense, optimal. 



First note that the proof which was given actually shows a little more than what was stated, namely: 

Theorem 8.1. Let Ki,K 2 ,K 3 £ R be such that K\ < and that K\ < K 2 < K3. Let be a 

complete Riemannian surface, and let (M, ji) be a Riemannian 3-manifold. Suppose that the curvature 
K-£ of S is bounded above by K\, and that, for all m € M , the maximal and minimal curvatures of the 
2-planes in T m M , Km md K m , are in [K^jK^] and such that: 



K M - K n 



2^(K 1 -K M )(K 1 -K m ) 

with 



r o < J K \- l f R z < , r 2 < 4 ifK 3 > . 
Ki - A3 

Suppose further that the gradient of the sectional curvature of (M, pi) (on M ) and the gradient of (Ka)~ x l 2 
(onTi) are bounded. Then there exists no C 3 isometric immersion of (£, a) into (M, /i). 

Note that the precise value of K 2 plays no role in this statement; but we need to know that K 2 > K\ to 
obtain an upper bound on the curvature of V. This hypothesis is related to the "uniform hyperbolicity" 
of the immersion. 



Theorem 0.2 is strongly related to a well-knowsn family of PDEs, the Monge- Ampere PDEs of hyper- 
bolic type. Those are usually written, on a domain C R 2 , as: 

d 2 u d 2 u d 2 u 
dx 2 dy 2 dxdy 
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where b might be a function on f2, or depend on u and maybe of its first derivatives. 

Equation (^|) can be written as an equation on the bundle morphism H associated to the hessian V 2 u 
of u (by: (W 2 u)(X, Y) = (HX\Y) = (X\HY)) with first order conditions meaning that H is the hessian 
of a function; we get thus: 

det(ff) = -b 
d v H = , 

This form seems well adapted to the study of Monge- Ampere equations over Riemannian surfaces other 
than R 2 . in particular, if b is everywhere equal to K a — K 0l then this equation is verified by the 
second fundamental forms of the immersions into space- forms with curvature Kq. For immersions into 
a 3-manifold with non-constant curvature, a right-hand side appears in the first equation of (j^). This 
generalization is not equivalent to what is obtained by writing (||) in term of the hessian of u; if (M, /x) 
is a Riemannian manifold with Levi-Civita connection V and curvature tensor R, if u ; M — » R is a C 2 
function, and if H is the bundle morphism associated to its hessian, then: 

Vm € M, VX,Y e T m M, (d v H)(X,Y) = -R{X,Y){Du) , 

which differs from (||) because the 1-jet of u appears 



One can check that the proof given for theorem D.2 also proves the following: 



Theorem 8.2. Let eo > 0, < b m < bu and r > be such that 6mT"o < 4eo& 2 re ; let (E, a) be a complete 
Riemannian surface with curvature K < —eo, b : £ — * [b m , &m] be a C 1 function with bounded gradient 
on S } and let r be a C° vector field on E with \\t\\ < tq. Then the system: 

det(H) = -b 
d v H = T®v a 

(where v a is the area form associated to a and H is a symmetric endomorphism field on EJ has no C 1 
solution on E. 

The point is that such a solution H would allow the definition of a "virtual third fundamental form" on 
E as: M(X,Y) = a(HX,HY). In addition, we could define a connection V (as in section 2) co mpat ible 
with M, with curvature K = —K/b, and torsion f = —H~ 1 r/b. With the hypotheses of theorem 3.2, we 
would have: 

\\t\\m = IMI<x/fr < r /b m , 

so that: 

\\-W 2 M<i<^<^, 



and the analog of lemma 1A would indicate that (E, M, V) should be convex; while the analog of lemma 



1.9 would lead to a contradiction. 



There are also various possible improvements of theorem |0.2| . For instance, almost all the proof t akes 
place "at infinity", while the interior of (E, M, V) is important essentially only in the proof of lemma 1.9. 
Therefore, one can check that, if (E, a) is simply connected but satisfies the hypothesis of theorem 0.2 
only outside a compact set, then isometric immersions remain impossible. 



It is natural to wonder to what extend the conditions in theorem 3.2 are really necessary. It is not 
clear concerning the hypothesis that the gradient of the sectional curvatures of (E, a) and of (M, //) are 
bounded, but the following example shows that the inequalities in theorem 0.2 are necessary. 

Let g\ be the symmetric 2-form defined on R 3 as: 

g\ = (1 + 2Az) cosh 2 (?/) cosh 2 (z)dx ® dx + (1 — 2Az) cosh 2 (z)dy ® dy + dz ® dz , 

for A > 0. It is a Riemannian metric in a neighborhood of Pq — {(x, y, z) G R 3 | z — 0}. Let V e be such 
a neighborhood: 

V e = {(x, yi z)eR 3 \\z\<e} . 
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When A = 0, g\ is hyperbolic (i.e. it has constant curvature — 1. 

g\\p is hyperbolic, so we have an isometric embedding of H 2 into a Riemannian manifold with 
boundary (V e ,g x \ Vc )- 

A rather boring computation leads to the following expression of the Riemann curvature tensor of gy. 
if (ei, e 2 , 63) is a orthonormal moving frame made of vectors directed by d/dx, d/dy and d/dz, then 

g\(R\(ei,e 2 )ei,e 2 ) = A 2 - 1 

g\(RA(ei,e 3 )ei,e 3 ) = A 2 - 1 

ffA(-RA(e3,e 2 )e 3 ,e 2 ) = A 2 - 1 

g\(R\(ei,e 2 )ei,e s ) = 2Atanh(y) 

g\(Rx(e 2 ,ei)e 2l e 3 ) = 

0A(-RA( e 3> e i) e 3je2) = . 

It is then a matter of computation to check that, at the point (x,y,z), the eigenvalues of R\ remain in 
the interval [A 2 — 1 — 2Atanh(y), A 2 — 1 + 2Atanh(y)]. Therefore, for the isometric embedding of H 2 into 
{V e ,gx\v t ) which we have obtained: 

Ki = -1, K 2 = A 2 - 1 - 2A, K 3 = A 2 - 1 + 2A , 

so that, for A large enough: 

(K 3 - K 2 f = 16A 2 

and 

16(K 2 - K^K^ = 16A 2 - 32A . 



As A — * 00, we get very chose to the inequalities in theorem 0.2. This example is actually related to the 
one built in section 7. 



The condition that Ki < is also necessary, because of a classical example: T 2 = R 2 /Z 2 admits an 
isometric embedding into 5" 3 with its canonical metric (up to a factor \[2. This is because T 2 can be 
obtained as: 

T 2 = {(x, y, z, t) e R 4 I x 2 + y 2 = z 2 + t 2 = 1} 
with the induced metric, while S 3 is: 

S 3 = {(x, y, z, t) £ R 4 I x 2 + y 2 + z 2 + t 2 = 1} 
and the embedding of T 2 in S 3 follows. 

If the target manifold is Lorentzian instead of Riemannian, the proof given in this paper also applies, 
with the necessary changes in the hypothesis concerning the curvature of E and of M. In fact, the 
hypothesis which are needed in this case are such that the only possible target manifolds are those with 
constant negative curvature. This leads to the following result, which was already given in |Bch9S | : 

Theorem 8.3. Let e €]0, — 1/2 [, and let (E,cr) be a complete Riemannian surface with curvature K 
between — 1 + e and —e, and such that the gradient K is bounded. Then there exists no C 3 isometric 
immersion of (S, a) into the anti-de Sitter space H 3 . 

On the other hand, the following assertion is easy: 

Proposition 8.4. Let (S, er) be a complete Riemannian surface whose curvature K is larger than some 
e > 0. There is no isometric immersion <fi of (E, a) into a Lorentzian manifold (M, fi) such that, at each 
s e E; 

K s (s) > K M (MTs^)) . 

As a consequence, there is no strictly hyperbolic isometric immersion of a complete surface into the 
Minkowski or the de Sitter space. 
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